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On the uniqueness of the solution of a boundary-value problem for
weakly nonlinear integro-differential equations with parameters

Olga B. Nesterenko

Presented by A. M. Samoilenko

Abstract. The conditions of existence of the unique solution of a boundary-value problem for weakly
nonlinear integro-differential equations with parameters and the equivalence of such problem and the ap-
propriate integral equation are established.
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Introduction

At the present time, the significant attention is paid to such branch of the theory of boundary-
value problems as the study of solutions of the problems that include parameters in the equation or
in boundary conditions. In particular, the work by N. I. Ronto and V. A. Ronto [14] was devoted
to the questions of the existence and the construction of solutions of the boundary-value problems
in the case where a parameter enters the boundary conditions. The monograph by A. A. Boichuk,
V. F. Zhuravlev, and A. M. Samoilenko [1] has clarified the approach to the study of Noetherian
problems including the problems with limitations. The boundary-value problems with parameters for
multifrequency oscillatory systems and impulsive oscillatory systems with were studied with the help
of the method of averaging in works by A. M. Samoilenko, R. I. Petryshyn, and L. M. Lakusta [10,15].
Works [13,14] have established the conditions of existence of solutions of the boundary-value problems
with parameters with the use of approximation methods. The conditions of solvability of the singular
integral equations with parameters and limitations were considered in the work by O. B. Polishchuk [11].
In the works by A. Yu. Luchka [5–7], O. I. Kovtun [4], O. B. Polishchuk [12], and V. A. Feruk [2,3,7], the
investigation of problems with limitations were carried out with the help of problems with parameters.
In [9], the author has established the conditions of existence of solutions of a boundary-value problem
for the linear integro-differential equations with limitations and has substantiated the application of
the iteration method to them. The present work considers the questions of existence and uniqueness
of the solution of a boundary-value problem for weakly nonlinear integro-differential equations with
parameters. While solving these questions, the method developed in [5–9] is used.

1. Statement of the problem

We consider the integro-differential equation

(Lx)(t) = f(t) + C(t)λ + ε

b∫

a

H(t, s)F
(
s, x(s), x′(s), . . . , x(m−1)(s)

)
ds (1.1)
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and pose the problem of determination of a function x ∈ Wm
2 [a, b] and a parameter λ ∈ R

l such that
they satisfy Eq. (1.1) almost everywhere, boundary conditions, and the limitation

U(x) = γ,

b∫

a

S(t)x(t) dt = α. (1.2)

If such pair (x(t), λ) exists, then problem (1.1), (1.2) is considered compatible.
In representation (1.1) and (1.2),

(Lx)(t) = x(m)(t) + p1(t)x(m−1)(t) + · · · + pm(t)x(t), (1.3)

t ∈ [a, b], ε is a sufficiently small nonnegative parameter, f ∈ L2[a, b], {p1, . . . , pm} ⊂ L2[a, b], the
kernel H(t, s) is square-summable in the totality of variables, and the (1× l)-matrix C(t) and (l × 1)-
matrix S(t) whose elements are linearly independent functions square-summable on the interval [a, b],
the constant (m × 1)-matrix U whose elements take the form

Uν(x) =
m∑

i=1

(
ανix

(i−1)(a) + βνix
(i−1)(b)

)
,

γ ∈ R
m, and α ∈ R

l are given.
We consider also that the operator

(Fx)(t) = F (t, x(t), x′(t), . . . , x(m−1)(t))

maps the space Wm
2 [a, b] onto the space L2[a, b]. The function F : [a, b] × R

m → R, which generates
it, satisfies the Lipschitz condition

|F (t, u0, . . . , um−1) − F (t, v0, . . . , vm−1)| ≤
m−1∑
i=0

τi|ui − vi|, (1.4)

for any {ui, vi} ⊂ R, τi ∈ R
+, i = 0, m − 1.

Using the method developed in [5–9], we will show that problem (1.1), (1.2) is equivalent to an
integral equation without limitations. Let us consider the generating problem

(Ax)(t) = C(t)λ + y(t), U(x) = γ, (1.5)

b∫

a

S(t)x(t)dt = α, (1.6)

where
(Ax)(t) = x(m)(t) + c1(t)x(m−1)(t) + · · · + cm(t)x(t), (1.7)

and the given function y ∈ L2[a, b] and the coefficients c1(t), . . . , cm(t) are continuous on the interval
[a, b].

In [9], it was proved that, in the case where the homogeneous problem

(Ax)(t) = C(t)λ, U(x) = 0,

b∫

a

S(t)x(t) dt = 0 (1.8)
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has only the trivial solution, there exist a vector σ ∈ R
l, functions h(t) and G(t, s), and a (l×1)-matrix

Γ(s) such that the unique solution of the inhomogeneous problem (1.5), (1.6) is given by the formulas

x(t) = h(t) +

b∫

a

G(t, s)y(s) ds, λ = σ +

b∫

a

Γ(s)y(s) ds. (1.9)

We write Eq. (1.1) as

x(m)(t) + c1(t)x(m−1)(t) + · · · + cm(t)x(t)

= x(m)(t)+ c1(t)x(m−1)(t)+ · · ·+ cm(t)x(t)−x(m)(t)− p1(t)x(m−1)(t)− · · ·− pm(t)x(t)+ f(t)+C(t)λ

+ ε

b∫

a

H(t, s)F
(
s, x(s), x′(s), . . . , x(m−1)(s)

)
ds. (1.10)

Introducing the notation
rk(t) = ck(t) − pk(t), k = 1, m,

y(t) = f(t) + r1(t)x(m−1)(t) + · · · + rm(t)x(t) + ε

b∫

a

H(t, s)F
(
s, x(s), x′(s), . . . , x(m−1)(s)

)
ds (1.11)

and using formula (1.7), we write relation (1.10) as

(Ax)(t) = C(t)λ + y(t).

Hence, problem (1.1), (1.2) becomes problem (1.5), (1.6). With regard for the homogeneous problem
(1.8), the latter the unique solution given by formulas (1.9).

Substituting the relation in (1.9) in the right-hand side of relation (1.11), we obtain

y(t) = f(t) + r1(t)h(m−1)(t) + · · · + rm(t)h(t) +

b∫

a

(
r1(t)

∂m−1

∂tm−1
G(t, s) + · · · + rm(t)G(t, s)

)
y(s) ds

+ ε

b∫

a

H(t, s)F

(
s, h(s) +

b∫

a

G(s, ξ)y(ξ) dξ, . . . , h(m−1)(s) +

b∫

a

∂m−1

∂sm−1
G(s, ξ)y(ξ) dξ

)
ds. (1.12)

Let us take into account that

(Ax)(t) − (Lx)(t) = (Bx)(t) = r1(t)h(m−1)(t) + · · · + rm(t)x(t) (1.13)

and denote

K(t, s) = (BG)(t, s) = r1(t)
∂m−1

∂tm−1
G(t, s) + · · · + rm(t)G(t, s), (1.14)

g(t) = f(t) + (Bh)(t) = f(t) + r1(t)h(m−1)(t) + · · · + rm(t)h(t).

Now, the integral equation (1.12) takes the form

y(t) = g(t) +

b∫

a

K(t, s)y(s) ds

+ ε

b∫

a

H(t, s)F

(
s, h(s) +

b∫

a

G(s, ξ)y(ξ)dξ, . . . , h(m−1)(s) +

b∫

a

∂m−1

∂sm−1
G(s, ξ)y(ξ) dξ

)
ds. (1.15)
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By using a simple reasoning, we can establish that problem (1.1), (1.2) is equivalent to the integral
equation (1.15). The equivalence means that if y∗ ∈ L2[a, b] is a solution of Eq. (1.15), then (x∗(t), λ∗)
is a solution of the boundary-value problem (1.1), (1.2), and

x∗(t) = h(t) +

b∫

a

G(t, s)y∗(s) ds, λ∗ = σ +

b∫

a

Γ(s)y∗(s) ds. (1.16)

On the contrary, if (x∗(t), λ∗) is a solution of problem (1.1), (1.2), then the function

y∗(t) = (Ax∗)(t) − C(t)λ∗ (1.17)

is a solution of Eq. (1.15).
Indeed, let y∗(t) be a solution of the integral equation (1.15). Then the function x∗(t) and the

parameter λ∗ that are defined by formulas (1.16) are a solution of problem (1.1), (1.2).
Since the validity of the equalities

(Ax∗)(t) = C(t)λ∗ + y∗(t), U(x∗) = γ,

b∫

a

S(t)x∗(t) dt = α (1.18)

can be easily verified, the boundary conditions (1.2) are obviously satisfied. We now establish that the
function x∗(t) satisfies Eq. (1.1). For this purpose, we use formulas (1.13), (1.18), (1.16), and (1.14)
and obtain

f(t) + C(t)λ∗ − (Lx∗)(t) = f(t) + C(t)λ∗ − (Ax∗)(t) + (Bx∗)(t)

= f(t) − y∗(t) + r1(t)

(
h(t) +

b∫

a

G(t, s)y∗(s) ds

)(m−1)

+ · · · + rm(t)

(
h(t) +

b∫

a

G(t, s)y∗(s) ds

)

= g(t) − y∗(t) +

b∫

a

K(t, s)y∗(s) ds. (1.19)

Hence, taking formulas (1.19) and (1.16) into account, we have finally:

f(t) + C(t)λ∗ − (Lx∗)(t)

+ ε

b∫

a

H(t, s)F (s, x∗(s), . . . , x∗(m−1)(s)) ds = g(t) − y∗(t) +

b∫

a

K(t, s)y∗(s) ds

+ ε

b∫

a

H(t, s)F

(
s, h(s) +

b∫

a

G(s, ξ)y∗(ξ)dξ, . . . ,
dm−1

dsm−1

(
h(s) +

b∫

a

G(s, ξ)y∗(ξ) dξ

))
ds = 0.

Indeed, problem (1.1), (1.2) has the solution (x∗(t), λ∗), which is uniquely determined by formulas
(1.16) and by the known solution y∗(t) of the integral equation (1.15).

On the contrary, let (x∗(t), λ∗) be a solution of problem (1.1), (1.2). By definition, the function
x∗(t) belongs to the class Wm

2 [a, b] and satisfies conditions (1.2). Therefore, as was established above,
the equality

x∗(t) = h(t) +

b∫

a

G(t, s)(Ax∗)(s) ds (1.20)

holds.
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We now show that the function y∗(t) that is defined by formula (1.17) is a solution of the integral
equation (1.15). On the basis of formulas (1.17) and (1.20), we have

h(t) +

b∫

a

G(t, s)y∗(s) ds = h(t) +

b∫

a

G(t, s)(Ax∗)(s) ds = x∗(t). (1.21)

Using definition (1.14) and expression (1.21), we obtain

g(t) +

b∫

a

K(t, s)y∗(s) ds = f(t) + (Bh)(t) +

b∫

a

(BG)(t, s)y∗(s) ds = f(t) + (Bx∗)(t), (1.22)

F

(
s, h(s) +

b∫

a

G(s, ξ)y∗(ξ) dξ, . . . ,
dm−1

dsm−1

(
h(s) +

b∫

a

G(s, ξ)y∗(ξ) dξ

))

= F

(
s, x∗(s), . . . ,

dm−1

dsm−1
x∗(s)

)
. (1.23)

Substituting relation (1.17) in Eq. (1.15) with regard for formulas (1.22), (1.23), and (1.13), we
have finally

g(t) − y∗(s) +

b∫

a

K(t, s)y∗(s) ds

+ ε

b∫

a

H(t, s)F

(
s, h(s) +

b∫

a

G(s, ξ)y∗(ξ) dξ, . . . ,
dm−1

dsm−1

(
h(s) +

b∫

a

G(s, ξ)y∗(ξ) dξ

))
ds

= f(t) − (Lx∗)(t) + C(t)λ∗ + ε

b∫

a

H(t, s)F
(

s, x∗(s), . . . ,
dm−1

dsm−1
x∗(s)

)
ds = 0, (1.24)

since (x∗(t), λ∗) is a solution of Eq. (1.1). Equality (1.24) testifies that, indeed, the function y∗(t)
given by formula (1.17) is a solution of the integral equation (1.15).

Theorem 1.1 ([8]). If the auxiliary problem (1.5), (1.6) has the unique solution, then problem (1.1),
(1.2) is compatible if and only if there exists a solution of Eq. (1.15).

Theorem 1.2. If the generating problem (1.5), (1.6) has the unique solution, then the unique solution
of problem (1.1), (1.2) exists only if the integral equation (1.15) has the unique solution.

Proof. Let y∗(t) be the unique solution of the integral equation (1.15). Then, by Theorem 1.1, there
exists a solution of problem (1.1), (1.2) that is defined by formulas (1.9).

Assume that problem (1.1), (1.2) has another solution (x̄(t), λ̄) different from the first one (x∗(t),λ∗),
i.e., x̄(t) �= x∗(t), λ̄ �= λ∗, or at least one of these inequalities is satisfied.

Then, by Theorem 1.1, the function

ȳ(t) = (Ax̄)(t) − C(t)λ̄ (1.25)
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is a solution of the integral equation (1.15). The validity of the equality

y∗(t) − ȳ(t) = (Ax∗ − Ax̄)(t) + C(t)(λ̄ − λ∗) (1.26)

follows from (1.17) and (1.25). By assumption, the integral equation (1.15) has only a single solution,
i.e., y∗(t) = ȳ(t). Let us introduce the notation u(t) = x∗(t) − x̄(t), μ = λ∗ − λ̄. With regard for
relation (1.26) and the fact that x∗(t) and x̄(t) satisfy the same boundary conditions, we obtain

(Au)(t) = C(t)μ, U(u) = 0,

b∫

a

S(t)u(t) dt = 0. (1.27)

Equalities (1.27) hold only if u(t) = 0, μ = 0. Hence, x∗(t) = x̄(t) and λ∗ = λ̄. But this contradicts
the assumption. Thus, if the integral equation has the unique solution, there exists only the unique
solution of problem (1.1), (1.2).

On the contrary, let it be known that problem (1.1), (1.2) has the unique solution (x∗(t), λ∗). By
Theorem 1.1, the function y∗(t) defined by formula (1.17) is a solution of the integral equation (1.15).
Moreover, it is easy to verify the validity of the formulas

x∗(t) = h(t) +

b∫

a

G(t, s)((Ax∗)(s) − C(s)λ∗) ds, (1.28)

λ∗ = σ +

b∫

a

Γ(s)((Ax∗)(s) − C(s)λ∗) ds = 0. (1.29)

Assume that there exists one more solution ȳ(t) of the integral equation (1.15). Let it be such that
ȳ(t) �= y∗(t). Then problem (1.1), (1.2) has one more solution

x̄(t) = h(t) +

b∫

a

G(t, s)ȳ(s) ds, λ̄ = σ +

b∫

a

Γ(s)ȳ(s) ds. (1.30)

On the basis of formulas (1.28), (1.29), (1.17), and (1.30), we obtain

x∗(t) − x̄(t) =

b∫

a

G(t, s)(y∗(s) − ȳ(s)) ds, (1.31)

λ∗ − λ̄ =

b∫

a

Γ(s)(y∗(s) − ȳ(s)) ds. (1.32)

Since problem (1.1), (1.2) has only one solution, we have x∗(t) = x̄(t) and λ∗ = λ̄. Therefore,
equalities (1.31), (1.32) take the form

b∫

a

G(t, s)(y∗(s) − ȳ(s)) ds = 0,

b∫

a

Γ(s)(y∗(s) − ȳ(s)) ds = 0. (1.33)

Equalities (1.33) hold only in the case where y∗(t) = ȳ(t), which contradicts the assumption. Thus,
the uniqueness of the solution of problem (1.1), (1.2) implies the uniqueness of the solution of the
integral equation (1.15).
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